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This paper deals with the periods of the crazy maps which are a class of
continuous maps from Ý  S1, where Ý is the product space of the bi-infiniteN N
sequences on N symbols and S1 is the unite circle, into itself. More precisely, we
find necessary and sufficient conditions for the existence of the periodic points of
crazy maps. Moreover, the set of periods for the crazy maps associated with two
rotations is described.  2001 Academic Press
1. INTRODUCTION
 The crazy maps are described by Afraimovich and Shilnikov in 1 .
The crazy maps are a class of continuous maps from Ý  S1 into itself,N
 4Zwhere Ý  0, 1, . . . , N 1 is the space of all bi-infinite sequencesN
 4a  a  a .a a  a n 1 0 1 n
of symbols 0, 1, . . . , N 1, and S1 is the unite circle.
 4Let a  a .a a  Ý   : Ý Ý , the shift map, be given1 0 1 N N N
by
 4 a   a a  a a  .Ž . 1 0 1 2
Let f , f , . . . , f : S1 S1, N orientation-preserving circle homeo-0 1 N1
Ž . 1 1morphisms see Section 2 . The map : Ý  S Ý  S is given byN N
 a, y   a , f yŽ . Ž . Ž .Ž .a0
and is called the crazy map associated with f , f , . . . , f .0 1 N1
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 In 2 , Falco only considered the set of periods of the crazy map in the
case N 2 where f and f are rotations.0 1
In this paper, we give necessary and sufficient conditions for the exis-
tence of the periodic points of crazy maps in Section 3. As applications, in
Section 4 we characterize the set of periods for the crazy maps where the
 associated maps are rotations. The result is more precise than that of 2 .
2. FUNDAMENTALS
We begin this section with some preliminary definitions and results
concerning rotation numbers for the circle homeomorphism; the source is
 3 .
Let f : S1 S1 be continuous and E: R S1 a natural projection given
by
E x  e2 i x , x R .Ž .
Let us fix a lifting F of f. We call
k F x 1  F x  Z,Ž . Ž .
Ž  .which does not depend on F and x see 3 , the mapping degree of f we
denote it by
deg f  k .Ž .
1 1 Ž .The homeomorphism f : S  S is orientation-preserving if deg f  1.
In the following, f : S1 S1 shall be an orientation-preserving homeo-
morphism.
  Ž nŽ . .From 3 , we know that lim F x n exists and does not depend onn
x. Then we denote
F n xŽ .
 F  lim .Ž .
nn
Ž . Ž .We call  F mod Z the rotation number of f and denote
 f   F mod Z .Ž . Ž . Ž .
We have the following relations between the rotation number and the
period for f.
PROPOSITION 2.1. Let f : S1 S1 be an orientation-presering homeo-
morphism. Then
Ž . Ž .a  f Q if and only if f has a periodic point
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Ž . Ž .b n Per f if and only if there exists m such that
m
 f  mod Z ,Ž . Ž .
n
Ž . Ž .  4where m, n  1; moreoer, Per f  n .
Ž . Ž .c  f  0 if and only if f has fixed points.
 A standard reference of all these results is 3 .
3. THE PERIOD OF CRAZY MAPS
In this section, we will characterize the periods of crazy maps. To show
this let us first introduce some facts.
Let f , f , . . . , f : S1 S1 be N orientation-preserving circle homeo-0 1 N1
morphisms and their liftings be F , F , . . . , F : R R, respectively.0 1 N1
Define
F  F F  F ,Ža , n. a a an 1 n2 0
f  f  f   f ,Ža , n. a a an 1 n2 0
 4  4where a  a  a a  Ý , f  f , f , . . . , f and F 1 0 1 N a 0 1 N1 ai i
 4F , F , . . . , F for i 1, 2, . . . , n.0 1 N1
It is easily verified that F is a lifting of f and f also is anŽa, n. Ža, n. Ža, n.
orientation-preserving homeomorphism.
The crazy map : Ý  S1Ý  S1 isN N
 a, y   a , f y .Ž . Ž . Ž .Ž .a0
Ž . 1Note that the nth iterate of  at the point a, y Ý  S is given byN
 n a, y   n a , f   f  f y .Ž . Ž . Ž .Ž .Ž .a a an 1 1 0
Ž . nŽ .PROPOSITION 3.1. If n Per  , then there exists aÝ ,  a  a,N
Ž .such that  F  Z.Ža, n.
Ž . Ž .Proof. Assume that n Per  and let a, y be a periodic point of 
nŽ .of period n. Then  a  a and
f y  f   f  f y  y ,Ž . Ž .Ža , n. a a an1 1 0
Ž . Ž .i.e., y is a fixed point of f . By Proposition 2.1 c , we have  f  0.Ža, n. Ža, n.
The proof is completed.
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nŽ .PROPOSITION 3.2. If there exists aÝ such that  a  a andN
Ž . F  Z, then the following statements hold,Ža, n.
Ž . Ž .a If a is a periodic point of period n, then n Per  ;
Ž . Ž .b If a is a periodic point of period m, with m n, then k m Per  ,0
where
k min l	 k  F  Z, n km . 4Ž .0 Ža , lm.
Ž .Proof. a Suppose that there exists aÝ such that a is periodic ofN
Ž . Ž .period n and  F  Z. Then using Proposition 2.1 c , f has fixedŽa, n. Ža, n.
points and let y  S1 such that0
f y  y .Ž .Ža , n. 0 0
This implies that
 n a, y   n a , f y  a, y .Ž . Ž . Ž . Ž .Ž .0 Ža , n. 0 0
Ž .Note that a is periodic of period n. Hence, we get that a, y is a periodic0
point of period n of .
Ž .b Since m is periodic of  at a, then nmk for some kN.
Because of
 F  Z,Ž .Ža , k m.0
Ž .by Proposition 2.1 c , then f has fixed points, denoted by y . Thus,Ža, k m. 00
we have
 k 0 m a, y   k 0 m a , f y  a, y .Ž . Ž . Ž . Ž .Ž .0 Ža , k m. 0 00
Ž .Note that by the definition of k and a, we claim that a, y is periodic of0 0
period k m of .0
Combining Propositions 3.1 and 3.2, we get one of our main results.
COROLLARY 3.3.  has periodic points if and only if there exists aÝN
nŽ . Ž .such that  a  a and  F  Z.Ža, n.
4. THE SET OF PERIODS OF THE CRAZY MAPS
ASSOCIATED WITH TWO ROTATIONS
In this section, by using Propositions 3.1, 3.2, and 3.3 we will precisely
describe the set of periods for the class of crazy maps associated with two
rotations. To do this, we need more lemmas.
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Ž . 2 1 1For each  ,   R , f , f : S  S , two circle rotation maps are0 1 0 1
given by
f e2 i x  e2 iŽ x 0 .Ž .0
f e2 i x  e2 iŽ x1.Ž .1
for any x R. We choose their liftings,
F x  x Ž .0 0
F x  x  ,Ž .1 1
respectively.
Ž . 1 1 1For each a, y Ý  S , the map  : Ý  S Ý  S is given2  ,  2 20 1
by
 a, y   a , f y ,Ž . Ž . Ž .Ž . / ,  a0 1 0
Ž .and will be called the  ,  -crazy map.0 1
Ž .For a  a  a a  Ý , set1 0 1 2
n1 n1
n n	 a  1 a and 	 a  a .Ž . Ž .Ž .Ý Ý0 j 1 j
j0 j0
nŽ . Ž nŽ .. Ž .It is clear that 	 a resp. 	 a gives the number of 0’s resp. 1’s in the0 1
 4finite set a , . . . , a .0 n1
Ž . Ž .Thus, the nth iterate of a given  ,  -crazy map at the point a, y 0 1
Ý  S1 is given by2
 n a, y   n a , f y ,Ž . Ž . Ž .Ž . ,  Ža , n.0 1
and the lifting of f is equal toŽa, n.
F x  x  	n a   	n a , 4.1Ž . Ž . Ž . Ž .Ža , n. 0 0 1 1
where x R, with y e2 i x.
Moreover, we have
F m xŽ .Ža , n.
 F  limŽ .Ža , n. mm
x  	m n a   	nm aŽ . Ž .0 0 1 1 lim
mm
xm 	n a m 	n aŽ . Ž .0 0 1 1 lim
mm
  	n a   	n a , 4.2Ž . Ž . Ž .0 0 1 1
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note that
F n  F  F .Ža , n. Ža , n. Ža , n.  
m
 The following lemma comes from 2 .
 LEMMA 4.1 2, Lemma 3.2 . For each nN the following statements
hold:
Ž .a There exists aÝ periodic of period n.2
Ž .b For each i, jN such that i j n there exists aÝ periodic of2
nŽ . nŽ .period n satisfying that 	 a  i and 	 a  j.0 1
Ž .From Proposition 3.1 and 4.2 , we easily deduce the following.
Ž . LEMMA 4.2. If n Per  , then there exists i, j Z such that , 0 1
i j n and  i  j Z.0 1
LEMMA 4.3. If for  ,   R, there exists i, j Z such that i j n0 1
and  i  j Z, then one of the following statements holds.0 1
Ž . Ž .a If i, jN, then n Per  . , 0 1
Ž . Ž . Ž . Ž .b If i 0 resp. j 0 , then   p q mod Z , with p , q  1,1 1 1 1 1
Ž Ž . Ž . .q  0 resp.   p q mod Z , with p , q  1, q  0 , and q 1 0 0 0 0 0 0 1
Ž . Ž Ž ..Per  resp. q  Per  . ,  0  , 0 1 0 1
Ž .Proof. a Assume that there exists i, jN such that i j n and
Ž . i  j Z. By using Lemma 4.1 b we can construct a periodic se-0 1
nŽ . nŽ .quence a of period n such that 	 a  i and 	 a  j. Hence, we have0 1
 F   	n a   	n a  Z.Ž . Ž .Ž .Ža , n. 0 0 1 1
Ž . Ž .Also, by Proposition 3.2 a , we get n Per  which completes the , 0 1
Ž .proof of a .
Ž .b If i 0, then j n and  j  n Z. Thus,  Q, let  1 1 1 1
Ž .Ž . Ž .p q mod Z , p , q  1. Further, n kq for some kN. So we1 1 1 1 1
n n n 4 Ž . Ž . Ž .choose a 1, 1 satisfying  a  a and 	 a  i 0, 	 a  j n.0 1
It follows that
 F   	n a   	n a  n    Z.Ž . Ž .Ž .Ža , n. 0 0 1 1 1
Ž . Ž .According to Proposition 3.2 b , we have q  Per  . This implies1  , 0 1
Ž .that b holds.
Ž . Ž .For  ,  Q, let   p q ,   p q mod Z , with p , q  1,0 1 0 0 0 1 1 1 i i
Ž .   q  0 i 0, 1 , and q q , q . Then there exists k , k  Z such thati 0 1 0 1
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q k q , q k q , and0 0 1 1
 F   	n a   	n aŽ . Ž .Ž .Ža , n. 0 0 1 1
p p0 1n n 	 a  	 aŽ . Ž .0 1q q0 1
1
n n p k 	 a  k p 	 aŽ . Ž .0 0 0 1 1 1q
1
n p k n k p  k p 	 a ,Ž . Ž .0 0 1 1 0 0 1q
nŽ . nŽ .where 	 a  	 a  n.0 1
Let i
 2. Then we define
 4Z i  0, 1, . . . , i 1Ž .
 4N i  Z i  0 .Ž . Ž .
Ž .We will say that m C q if the following statements hold:
Ž . Ž .1 mN q ,
Ž . Ž .2 there exists t Z q such that
Ž . Ž .a p k m t mod q and0 0
Ž . Ž . Ž .Ž . Ž .b p k  p k j q t mod q for some jN q .1 1 0 0
Ž . Ž .We note that if C q , then for each m C q we can define, by
Ž .Ž . Ž . Ž . Ž . Ž .using 2 b , a map j j m from C q N q into N q . Let
Z if j m m;Ž .
K jŽm. ½ N if j m 
m.Ž .
Using the above symbols, another main result of this paper is stated in
the following.
Ž . 2THEOREM 4.4. Let  ,   R . Then the following statements hold.0 1
Ž .a If  ,  Q, then0 1
Per   2 NŽ . ,0 0
Per     .Ž . ,  1 00 1
Ž . Ž . Ž . Žb If   p q mod Z Q, with p , q  1, and  Q resp.0 0 0 0 0 1
Ž . . Ž .  4 Ž  p q Q, p , q  1 and  Q , then Per   q resp.1 1 1 1 1 0  ,  00 1
Ž .  4.Per   q . ,  10 1
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Ž . Ž .c If   pq Q, with p , q  1, for i 0, 1 theni i i i i
 4Per   qK m  q , q . 4Ž .  ,  jŽm. 0 10 1
Ž .mC q
Ž . Proof. a Let  ,  Q. It is easy to see that for i, j Z , i j n,0 1
such that
 i  j Z0 1
if and only if   and i j. Because of i j n, then n 2k, for1 0
kN. Applying Lemmas 4.2 and 4.3, we have
Per   2 NŽ . ,0 0
and
Per     .Ž .Ž . ,  1 00 1
Ž . Ž . Ž .b Let   p q mod Z , with p , q  1 and  Q. We al-0 0 0 0 0 1
Ž . Žways suppose   p q , with p , q  1, without loss of generality if0 0 0 0 0
.  k p q , k does not act in the following proof . Evidently, for0 0 0
i, j Z, with i j n,  i  j Z if and only if j 0 and i n0 1
Ž .kq, for some kN. Thus, we have from the proof of Lemma 4.3 b
 4Per   q .Ž . ,  00 1
Ž . Ž . Ž .Similarly, if  Q and   p q mod Z , q , p  1 then Per 0 1 1 1 1 1  , 0 1
 4 q .1
Ž . Ž .c Let qnm qK m where m C q . From the definitionjŽm.
Ž .of C q , we know that
p k m lq t 4.3Ž .0 0
Ž .and there exists j N q such that0
p k  p k j  kq s and t s q. 4.4Ž . Ž .1 1 0 0 0
Ž .In the following, we should point out that qnm Per  . , 0 1
Now, by the definition of K , we surely choose j j  qnm, ijŽm. 0
Ž . Ž .qnm j . Thus, we have combining 4.3 and 4.4 that0
 i  j  nqm     jŽ . Ž .0 1 0 1 0 0
1
 p k nqm  p k  p k jŽ . Ž .0 0 1 1 0 0 0q
1
  p k nq lq t kq s0 0q
  p k n l k 1 .0 0
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This implies  i  j Z, with i j nqm and i, jN. We rely0 1
Ž . Ž .upon Lemma 4.3 a . Then nqm Per  . , 0 1
If n q , we let i q , j 0. Obviously,  i  j p  Z. Because0 0 0 1 0
Ž . Ž .of Lemma 4.3 b , we have q  Per  . In the same way,0  , 0 1
q  Per  .Ž .l  , 0 1
Ž .Now, assume that n Per  . Then, applying Lemma 4.2, there , 0 1
exists i, j Z such that i j n and  i  j Z.0 1
Ž .If j 0 and i 0, let j l q j with j N q . Then, since0 0 0
1
 i  j  n    j k p n p k  p k jŽ . Ž .0 1 0 1 0 0 0 1 1 0 0q
1
 k p n p k  p k l q j  Z,Ž . Ž .0 0 1 1 0 0 0 0q
we have
1
k p n p k  p k j  Z.Ž .0 0 1 1 0 0 0q
Let
p k  p k j  kq sŽ .1 1 0 0 0
4.5Ž .
k p n lq t .0 0
Then
s t q.
 Ž .Write n pqm for some p Z , m N q . To prove that n0 0
 4 Ž . qK m we need to verify that m  C q .mCŽq. jŽm. 0
Since
k p n k p pqm  k p pq k p m  lq tŽ .0 0 0 0 0 0 0 0 0 0
Ž Ž ..note 4.5 , we have
k p m  1 k p p q t . 4.6Ž . Ž .0 0 0 0 0
Ž . Ž . Ž .Combining 4.5 and 4.6 , this displays m  C q .0
 Ž .If j 0, then i n and  n Z . Utilizing the proof of Lemma 4.3 b0
Ž .and n Per  , we obtain n q . Similarly, if i 0, then n q . ,  0 10 1
This ends the proof of the theorem.
Ž .Remark. 1 If f and g are two orientation-preserving circle diffeo-
Ž . Ž . Ž . Ž  .morphisms then f g g f implies that  f g   f   g see 5 .
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Then if we consider two commuting orientation-preserving circle diffeo-
morphisms with rotation numbers  and  , then Theorem 4.4 remains0 1
true.
Ž . Ž .   Ž . 2 In Theorem 2.1 b  1 of 2 , Per   2 N qZ should be , 1 1
written as
Per   2Z qZ.Ž . , 1 1
 Ž .Indeed, it is obvious that qZ  Per  . , 1 1
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